Abstract-In this paper we give an algorithm that determines the set of all stabilizing proportional-integralderivative (PID) controllers that places the poles of the closed loop system in a desired stability region S. The algorithm is applicable to linear, time invariant, single-input singleoutput plants. The solution is based on a generalization of the Hermite-Biehler theorem applicable to polynomials with complex coefficients and the the application of a stabilizing gain algorithm to three auxiliary plants.
I. INTRODUCTION
In many applications, stability of the closed loop system is not enough, and it is usually required that the poles of the closed loop system lie in more restrictive stability regions. It is known that time domain specifications for a closed loop system can be translated into desired closed loop pole locations in the frequency domain. These are specified in terms of the damping ratio and damped natural frequency of the closed loop poles. A desired stability region S in the complex plane is shown in Figure  1 . The region S is the intersection of two regions S θ and S −θ where
• S θ := {s : s ∈ C, Re[se −jθ ] < 0}.
• S −θ := {s : s ∈ C, Re[se jθ ] < 0}.
S θ and S −θ are rotated Hurwitz stability regions. In [1] , it is stated that if all the poles of the closed-loop system lie in the region S, then the step response of the compensated system exhibits a maximum overshoot corresponding to the angle θ. In [2] , the region S is approximated by a circular region and a design procedure that combines linearquadratic optimal control with regional pole placement is given. Recently, a method for determining the set of all proportional controllers that places the closed-loop poles in the region S was given in [3] . In this paper, we give a method to determine the set of all PID controllers that places the poles of the closed-loop system in the region S. The paper is organized as follows. In section 2, a generalization of the Hermite-Biehler theorem applicable to polynomials with complex coefficients is stated. In section 3, the problem of stabilizing complex polynomials with proportional controllers is considered. In section 4, we give an algorithm that solves the problem of determining all stabilizing PID controllers that places the poles of the closed loop system in the stability region S.
II. A GENERALIZATION OF THE HERMITE-BIEHLER THEOREM
In this section, a generalization of the Hermite-Biehler theorem to polynomials with complex coefficients [4] is presented. Before proceeding any further, let us fix the notation used in this paper. Let R denote the set of real numbers and C denote the set of complex numbers and let C − , C 0 
if n is even and ξ n is purely real, or n is odd and ξ n is purely imaginary.
if n is even and ξ n is not purely real, or n is odd and ξ n is not purely imaginary.
(1) Proof. See [4] , [5] .
The following result transforms the problem of determining the number of real roots of a real polynomial to an equivalent problem of finding the signature of a complex polynomial. 
Proof. See [6] .
III. PROPORTIONAL CONTROLLERS
We now describe an alternative method to the constant stabilizing gain method of [3] for complex polynomials. Our method avoids a search in an exponentially growing set. Given a plant g(s) = 
is the set of all real α such that φ(s, α) has signature equal to r.
Let (h, g) and (f, e) be the real-imaginary parts of q and p, respectively, so that
. By a simple computation, it follows that
If G ≡ 0 and if they exist, let the real zeros with odd multiplicities of G(ω) be {ω 1 , ..., ω k } with the ordering ω 1 < ω 2 < · · · < ω k , with ω 0 := −∞ and ω k+1 := ∞ for notational convenience and let ξ be the leading coefficient of q(s)p * (s). The following algorithm determines whether A r (p, q) is empty or not and outputs its elements when it is not empty:
even and ξ is not purely real, or n + m is odd and ξ is not purely imaginary. 
2) Identify all the sequences of signums where
even and ξ is not purely real, or n + m is odd and ξ is not purely imaginary.
if n + m is even and ξ is purely real, or n + m is odd and ξ is purely imaginary.
holds, then (ᾱ j ,ᾱ j+1 ) ∈ A r (p, q) Remark 1. By Step 3 of Algorithm 1, a necessary condition for the existence of an α ∈ A r (p, q) is that the imaginary part of [q(s) + αp(s)]p * (s) has at least r = |r + σ(p * )| real roots with odd multiplicities if n + m is even and ξ is not purely real, or n + m is odd and ξ is not purely imaginary, andr = |r + σ(p * ) − 1| real roots with odd multiplicities if n + m is even and ξ is purely real, or n + m is odd and ξ is purely imaginary. 
IV. PID CONTROLLERS
has all its roots in the region S given in Figure 1 . This is equivalent to solving two subproblems using the stability regions S θ and S −θ and finding the intersection of the solution sets.
Let us first solve the problem for the stability region 
where 
recall thatf andē are coprime polynomials, theñ
where H, G, and F are given by (2) . Multiplying φ
where
The reasoning behind the algorithm which determines the set of parameters k p , k i , k d of a stabilizing PID controller can be explained as follows. Suppose φ 
and
Repeating the same process once more we get
Once more, by Remark 1, it follows that the imaginary part
θ (s) has at least r 2 = |r 1 + σ(p * )| real roots with odd multiplicities. Now the set of k p ∈ R which achieves r 2 real roots with odd multiplicities in H 2 (ω) + k p G 2 (ω) can be determined by applying Algorithm 1 to q 2 (s) and p 2 (s) where
The algorithm below traces the above steps backwards by repetition of the steps (i)-(iii) below: (i) Pick a value of k p such that the number of real roots with odd multiplicities of The stability region S is given in Figure 1 and specified by the parameter θ = Using the new polynomialsq 1 (s 1 ),p 1 (s 1 ), and the method described in this section, we obtain the stabilizing values of (k p , k i , k d ) as shown in Figure 2 . From these Figure 4 .
•
V. CONCLUSION
In this paper, an algorithm is given for computing the set of all PID controllers that places the poles of a closed loop system in a desired stability region. The method is based on a generalization of the Hermite-Biehler theorem applicable to complex polynomials. We can also consider other stability regions. For example, by simply replacing s by s + σ stabilizing with respect to shifted Hurwitz stability region is possible. We can combine both regions, shifted and rotated Hurwitz stability regions, and use the algorithm given in this paper to consider stabilizability with respect to other sectors of the left half-plane.
